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On the homotopy groups of E(ri) -local spectra 
with unusual invariant ideals 



HlROFUMI NAKAI 

Katsumi Shimomura 



Let E(n) and T(m) for nonnegative integers n and m denote the Johnson- Wilson 
and the Ravenel spectra, respectively. Given a spectrum whose E(ri)* -homology is 
E(n) Jt (T(m)) / (y\, . . . , v„_i), then each homotopy group of it estimates the order of 
each homotopy group of L n T(m). We here study the E(ri) -based Adams E2 -term 
of it and present that the determination of the E2 -term is unexpectedly complex for 
odd prime case. At the prime two, we determine the ^oo-term for 7r*(L27Xl)/(vi)), 
whose computation is easier than that of ir*(L2T(\)) as we expect. 
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1 Introduction 

In [4], Ravenel has constructed the homotopy associative commutative ring spectrum 
T(m) as a summand of p-component of the Thorn spectrum associated with the map 
QSU(p m ) — > BU. It is extensively used in [4, Section 7] to compute the homotopy 
groups of spheres in terms of "the method of infinite descent". The Adams-Novikov 
£2-term converging to the stable homotopy groups ir*(T(m)) is described by use of the 
Hopf algebroid (BP* , T(m + 1)) (cf [4, Definition 7. 1 . 1]). In particular, the 0-th line is 

Ext° r(m+1) (BP*,BP*) = Z(p)[vi, . . . ,vj C BP* = Z(p)[vi, . . .], 

and the more the value of m , the more primitives we obtain. Since for 1 < k < m is a 
permanent cycle of the spectral sequence, we obtain spectra T(m)/(vk) and T(m)/(vt, v/) 
for 1 < k,l < m (see Lemma 3.7.) Here T(m)/J for an ideal / of BP* denotes a 
spectrum such that BP*(T(m)/J) = BP*/J. 

Let BP(n) denote the Johnson-Wilson ring spectrum with BP(n}* = l*( p) [v\, . . . , v„] 
and put E(n) = v~ l BP(n) as usual. Then we have the £'(n)-based Adams spectral 
sequence E S /(X) ir*(L n X) for a spectrum X, whose £2 -term is E^(X) = ^^■E(n)*(EM) 
(E(n)*,E(n)*(X)). Here L n denotes the Bousfield localization functor with respect 



Published: 18 April 2007 



DOI: 10.2140/gtm.2007.10.319 



320 



Hirofumi Nakai and Katsumi Shimomura 



to E(n). Note that BP*(T(m)) = BP*[h, . . . , t m ] C BP*[h, . . .] = BP^BP). In 
order to study the £2 -term for a spectrum X with E(n)*(X) = E(ri)*/J[ti, . . . ,t m ] 
for an ideal J of £(n)*, we introduce the generalized Johnson-Wilson spectrum 
E m (n) = v~ l BP(n + m) . Then 

S(n, m) = £ m (n)* ® B p* BP*[t m+ \ , t m+2 , . . .] <3bp« E m (ri)* 

is a Hopf algebroid over £ OT (n)*, and the £(«)-based Adams ^-term E%(X) is 
isomorphic to Extw„ m+1 )(£ OT (n)*,£ m (n)*/./), which we denote Ext* (£ m (n)*/7), by a 
similar change-of-rings theorem of Hovey and Sadofsky [1]. 

Consider /„ be the sequence vi, V2, • ■ • , v B _i. Then T(m)/(J n ) exists if n < 2 as 
commented above. Besides, if L n T(m)/J exists, then the £(«)-based Adams £2-term 
for -K*(L n T(m)/J) is isomorphic to an Ext group Ext* (£(n)*/7). Consider the long 
exact sequence of Ext groups associated to the short exact sequence 

— » E m (n)*/(J n ) — >• p- l E m (n)*/(J n ) — > £ m (n)*/(p°°,7 n ) — > 0. 

Since Ext* (p £ OT (n)* /(/„)) = Q, Corollary 4.5 implies our first theorem: 

Theorem 1.1 The Ext group Ext (£ m (n)* /(/«)) is isomorphic to 1(p), and the group 
£] (£,«(«)* /(•/«)) is isomorphic to the direct sum of the cyclic module over the ring 
%(p)l v t\ v„+i , . . . , v m ] generated by 

e\ e n 
V m+1 • • • V m+n 
p\+u(e k ) 

of order p ™' with vie^) = min{^(ei), . . . , u(e n )}, where the integer u(£) denotes 
the maximal power of p that divides I . 

For the case where n > m, we have an example which has a similar result to the above 
theorem (cf Proposition 4.7): 

Proposition 1.2 The E(2)-based Adams E^-term E^{T{\)/{v\)) is isomorphic to 
Z(p) and E\(T{\)/{v\)) is the direct sum of the cyclic module over Z( p) generated by 

vf'vf /p 1 + min <' 1 /') of order pi+minft/) . 

In these cases, we did not determine £| for s > 1 since there is an obstruction, which 
comes from the generators known as bij (see (3-2)). This is what we did not expect. 
For p = 2, we have the relation bij = hjj, which makes possible to compute for s > 1 . 
Since the £(2) -based Adams differentials are read off from Mahowald and Shimomura 
[2], we obtain the £"00 -term. 
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Theorem 1.3 Let p = 2. The E(2) -based Adams E^-term for it+(Lq,T(V) j '(vi)) is 
isomorphic to Z@) if s = and is isomorphic to the tensor product of A(p2) and the 
direct sum of 

(1) V2A[/j2o], V3fi[/z3o]/(/j3 ) and V3B/130&31 whose elements are of order two, 

(2) Af° and M 1 . 

Here the modules are given in Section 5. 

In Section 2, we consider the Hopf algebroid (E m (n)* , £(n, m + 1)) and show a variation 
of the change-of-rings theorem given in Hovey and Sadofsky [1]. In Section 3, we 
exhibit the formulas for the structure maps (the right unit t]r and the diagonal maps 
A). We then observe the existence of spectra of the form T(m)/J. Section 4 is devoted 
to prove Theorem 1.1 and Proposition 1.2. In Section 5, we determine the Loo-term 
for tt*(L2T(1)/(2°°, v\)). The homotopy groups tt*(L2T(1)) is determined easily if p 
is odd, and stays undetermined if p = 2. The result of this section is the first step to 
understand ir*(LaT(\)) at the prime two. 

Acknowledgements We wish to thank to the organizers of Nishida Conference held 
on August 2003 for making arrangement of the publication for the Proceedings. We are 
also grateful to Ippei Ichigi for reading the draft paper carefully and for pointing out 
some misprints. 

2 A generalized Johnson- Wilson theory 

Let BP and BP(n) denote the Brown-Peterson and the Johnson-Wilson spectra 
characterized by ir*(BP) = BP* = Z(p)[vi, . . . ,v», . . .] and n*(BP(n)) = BP(n}* = 
Z(p)[vi, ■■■ ,v n ] C BP* with |v„| = \t n \ = 2(p n — 1). Then the BP* -homology of BP 
is BP*(BP) =BP*[t h ...,t n ,...],We put 



E m (n) 



v~ l BP(n + m) 



for nonnegative integers n and m. Then 



E m (ri)* = £(n)*[v„+i, . . .,v n+m ] C v n BP*. 



We notice that Eo(n) is the localized Johnson-Wilson spectrum E(n). 



Let T(m + 1) (cf Ravenel [4, 7.1.1]) be the BP*(BP)-comodule defined by 



r(m+l) = BP*(BP)/(t u ... 



tm) — BP* [t m +\ , ?m+2, • • •] • 
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Then the pair (BP*,T(m + 1)) has the structure of the Hopf algebroid inherited from 
(BP*,BP*(BP)). Put 

S m (n, i) = E m (n% ® B p, T(0 <g> B p t E m (n%. 

In particular, we write 

S(n, m + 1) = S m (n, m + 1) = E m (n)* ® B p« T(m + 1) ® BPt E m (n)*. 

The pair (E m (n)*, S m («, /)) is a Hopf algebroid with the structure maps inherited from 
those of the Hopf algebroid (BP*,T(i)) for all i > 0. Consider the map between Hopf 
algebroids (E m (n)*, £,„(«, 1)) — ► (E m (n)*, £(«, m + 1)) induced from the projection 
from BP*{BP) to T(m + 1). The map is normal and that 

(2-1) E m (n)*(T(m)) = E m (n)*n\ Tl(thm+ i ) Y lrn (n, 1) 

if m > 0. Here, 7X/7t) denotes the Ravenel spectrum [4, 6.5.1], which is an asso- 
ciative commutative ring spectrum characterized by BP*(T(m)) = BP*[t\, ... ,t m ]. 
Since E OT (n, 1) is E m (ri)*(E m (ri)) , the change-of-rings theorem [4, Al.3.12] shows the 
following: 

Lemma 2.2 There is an isomorphism 

Ext Em (ft)*(EUn))( E m(n)*,E m (n)*(T(m))) = Ext S( „ ;m+ 

Remark 2.3 In general, equation (2-1) does not hold if we work on E(n)*E(ri)- 
comodules. For example, if we set (n, i) = (2, 3), then 

E (2,3) = E(2%[t 3 ,k, ■ ■ .Vimin) : k > 2). 

2 

In the right hand side we have the relation V2^ = v^ti mod (p) since ry«(v3) = 0. On 
the other hand, we do not have any relation on t\ in E(2)* T(2) = E(2)* [t\ , ?2] • 

Since E m (n)* is a free i?(n)* -module over the bases v E = v e n [ +l . . -v e ^ +m for E = 
(e\ , . . . , e m ) with > 0, there is a homotopy equivalence E m (n) = \J E T,^E(n). This 
shows that the £(n)-based and the £'„,(«)-based Adams spectral sequences agrees from 
the ^2-term (cf Hovey and Sadofsky [1]). 

3 Existence of some spectra 

An ideal / = (ao, a\, . . . , a„-\) of BP* is called invariant if ^(a,) = ai mod 
(ao, a\ , . . . , aj-i) for each < i < n as a BP^BP-comodule. It is well known that if 
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there is a spectrum X such that BP*(X) = BP* /I, then / is invariant. Consider now the 
Ravenel spectrum T{m). Then the £"2 -term of the Adams-No vikov spectral sequence 
for n*(W A T(m)) for a spectrum W is isomorphic to an Ext group over the Hopf 
algebroid (BP*,F(m + 1)). We call an ideal / = (wo, w\, . . . , w n -\) of BP* unusual 
if it is not invariant and rjR(Wi) = w; mod (wo, w\ , . . . , w,_i) for each < i < n as a 
T(m + l)-comodule. In the same manner as above, if there is a spectrum X such that 
BP*(X) = BP*/J[t\, . . . , t m ] for m > 0, then J is invariant or unusual. In this section, 
we study the existence of a spectrum X with BP* -homology (resp. £"(71)* -homology) 

BP*(X) = BP*/J[h t m ] (resp. E(n)*(X) = E(n)*/J[t x , . . . , t m ]) 

for an unusual ideal J. We write T{m)/J (resp. L n T(m)/J) for such X. 

The next lemma is verified by Hazewinkel's and Quillen's formulas (see Miller, Ravenel 
and Wilson [3, (1.1)-(1.3)]): 

Lemma 3.1 Assume that n < m. Let J n denote the ideal (v\ , . . . , v„_i) of BP* . Then 
the structure maps in (BP*,T(m + 1)) act as 

VR( v k) = v k forn < k < m, 

r]R(v m+k ) = v m+k +pt m+k forO < k < n, 

A(t m+k ) = t m+k 8> 1 + 1 ® t m+k forO < k <n, 

A(f m +„+l) = t m +n+l 1 + 1® tm+n+l + V n b m +l t „-l 

mod J n , where 



By this lemma, we read off the behavior of the structure maps 7]r and A mod /„ of the 
Hopf algebroid (E m (n)*, T,(n,m +1)). For n > m, we only consider the case where 
n = 2 and m = 1 . 

Lemma 3.3 The structure maps in (BP* , T(2)) acts as 

rjnivi) = Vi + pti for i = 2 and 3, 

2 2 

77r(v 4 ) = v 4 + v 2 f 2 + pt 4 + v 2 c 2 i - minf t 2 , 

„3 „2 2 3 

VR( V 5) = V 5 + V 3 f 2 + V 2 f 3 + pt 5 + V 2 C 3 i + V3C22 - %(V3r ?2 - %(V2/ 

A(ti) = ti®l + l®ti for i = 2 and 3, 
A(f 4 ) = t 4 8> 1 + 1 f 4 + t 2 8> f 2 + v 2^2i, 

Afe) = t 5 8> 1 + 1 8> ?5 + *3 8) ^ + ?2 8> ff + V2&31 + V3&22 
Qeometry & Topology Monographs 10 (2007) 
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mod (vi), where c, 
p = 2. 



V = P 



1 (vf — 77/e(vf )) . In particular, bij = if <g> if mod (2) for 



We consider the Adams-Novikov spectral sequence 



(3-4) E* 2 >\X) = Ext* B >; ABP) (BP*,BP*(X)) => vr*(X). 



By the change-of-rings theorem [4, Al.3.12], we have an isomorphism 
(3-5) E* 2 (T(m)/I n ) = Ext^ m+1) {BP,/I n ). 



Hereafter we use the abbreviation: 



Ext r (A, -) = Extr(-) for a Hopf algebroid (A, T). 
Lemma 3.1 implies the following: 



Lemma 3.6 For < k < m, 



v n+k G E° 2 (T(m)/I n ) = Ext 1 



.0 

T(m+1) 



{BP* /I n ) 



where l n = (p) +J n . 

Lemma 3.7 Let M be a T(m) -module spectrum. If a and (3 £ E2(T(m)) are 
permanent cycles in the spectral sequence (3^1), then there exist spectra of the form 
M/(a") and M/(a a ,(3 b ) for positive integers a and b. In particular, we have T{m)/{v a k ) 
and T(m) /(v f , Vj) for ij, k < m + 2. 

Proof Since M is a r(m)-module spectrum, the elements a and j3 yield the self maps 
on M, which we also denote by a and j3. Now M/(a a ) is a cofiber of the self map a a , 
and the M/(a a , f3 b ) is obtained by use of Verdier's axiom on the equation a a j3 h = j3 b a a 
in [M,M]*. 

Since the reduced comodule T(m + 1) is (2p m+l — 3)-connected, we have the vanishing 
line E^(T(m)) = for t < 2s(p m+1 - 1) by (3-5). It follows that v k G E* 2 {T{m)) in 
Lemma 3.6 is permanent if k < m + 2. □ 

The existence of a spectrum with BP* -homology BP* jl n is problematic and we still 
have little information for such a spectrum, which we usually call the {in— l)st) Smith- 
Toda spectrum and is denoted by V{n — 1) (eg Smith [6], Toda [7] and Ravenel [4]). For 
n < 3, it is shown that V{n) exists if and only if p > 2n. On the other hand, L n V{n — 1) 
exists if n 2 + n < 2p [5]. The smash products T(m) and these Smith-Toda spectra 
show the following: 

Proposition 3.8 If p > 2n, T(m)/I n exists, and if n 2 + n < 2p, L n T(m)/I n exists. 
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4 Ext^ m+l) (E m (n)*/ J n ) for small s 

In this section, let /„ denote the sequence v\ , . . . , v„_i of elements of E m (n)* . Applying 
Ext to the short exact sequence 

-* E m (n)*/(pJn) ^ £ OT («)*/(p°°,/„) ^ 3n(«)*/(P°V».) -* 0, 

we have the long exact sequence of Ext groups with connecting homomorphism 

(4-1) 5: Exf(£ m («)*/(p°V„)) -> Exf +1 (£ m («)* /(/>,/„))• 

By [4, Theorem 6.5.6], we know the structure of Ext(E m (ri)*/(p, ./„)), which means that 
Ext(E m (n)*/(J n )) is a computable object. 

To compute Exi(E m (ri)* / (p°° ,/„)), we redefine the class h m+ k,0 (0 < k < n) by 



(4-2) fc, 



log(l +pvr 1 r i ) 



D-d 



pn 

n>0 1 



Lemma 4.3 For < k < n, the connecting homomorphism 5 in (4-1) acts for all I 
as 8(h m+kfi /p £ ) = 0. 

Proof It suffices to show that ph m +k o = d(log(v m +k)) • By Lemma 3.1, we have 
r]R(y m +k) = v m +k + pt m +k for < k < n, so the equation 

log(l +pv~\. k t m+k ) = log(<n R (v m+k )) - log(v m+k ) = d(\og(v m+k )) 

holds. □ 

The element v^ k x is well-defined in T,(n,m + l)/(p k ), although the representative 
x = log(l + pv~ +k t m +k)/p °f hm+k,o has negative exponents of v m+ k in the coefficient. 

An easy computation with Lemma 3.1 shows the following: 
Lemma 4.4 Put v(eu) = rnm{v{e\), . . . , u(e n )} . Then we have 

/v ei v e " \ 

x v m+\ ' ■ - v m+n \ ei e„ i , 

\ p l+u(e k ) J = V m+1 • • • V m+nhm+k,0 + • ' • 

in Ext 1 (E m (n)* /(p, J n )) up to unit. For v, see Theorem 1.1. 
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Corollary 4.5 Ext '(E m (ri)* / (p°° , /„)) is the direct sum of 
(1) the cyclic Z(p)[v„ , v n +i, • • • , v m ] -module generated by 



v e> v e " 

m+l ' ' ' m+» 

pi+u(e k ) 



of order p i+u< - e ^ with v(e^) = mm{v{e\), . . . , v{e n )} and 
(2) Q/Zw^Vn+l, ■ • • ,v m ]. 



vf vf/^o for z > j 



Example 4.6 For m = « = 2 , we have 



pl+min(iy) 



< 



vfvfh 30 for/<j 
vf vf (^30 + a/140) for / = j 



in Ext 1 (^2(2)* /(^, vi)) up to unit (where a e (Z/(p)) x ), and Ext (£ 2 (2)*/(p 00 , vi)) is 
the direct sum of 

( 1 ) the cyclic module over Z(p) [ ] generated by vf jp 1 + min (' >/) of order p 1 +nun (' >/) 
and 

(2) Q/Zfe)^ 1 ]. 

In the computations for 5(h 3 i) and <5(/i4i), the elements bij (cf Lemma 3.1) occur, 
which are hard to express in terms of generators appearing in [4, Theorem 6.5.6]. We 
observe that the specific property bjj = hfj at p = 2 makes the computations easy. 

We consider the spectrum L n T(m) / '(/„) for (n, m) = (2, 1), which is the simplest case 
satisfying n > m, and compute Ext^ 2)(£i(2)*/(vi)) for s < 2 for an odd prime. We 
consider the case for p = 2 in the next Section 5. Since p is odd, the condition of [4, 
Theorem 6.5.6] is always satisfied and Exts(2,2)(^i(2)*/(p, vi)) is obtained as 

K(2Uv 3 ] ® A(hij : 2 < i < 3 J £ Z/2). 

Starting from this, Ext°^ 2 2 ^(£'i(2)*/(p 00 , vi)) is determined by computing the connect- 
ing homomorphism (4-1) for (m, n) = (1,2) as follows Corollary 4.5: 



Proposition 4.7 For sp l £ Z and tp> >0, we have 
and Extw 2 2)(£i(2)*/(p oc \ v 0) JS the direct sum of 



sv S 2~ Y vf'h2o ifi<j, 
tvfvf~ l h 30 ifi>j, 
vf ~ vf~ (sv 3 h 2 o + tv 2 h 30 ) ifi = j, 
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(1) the cyclic Z^ -module generated by vfvf/p 1+min(iJ) of order pi+^v) an d 

(2) Q/Z w . 

5 The homotopy groups n*(LiT(\ )/(vi)) at the prime two 

We begin with recalling the result of Mahowald and Shimomura [2] : 
(5-1) Ext(£i(2)*/(2,vi)) = K(2)*[v3,h2Q]®A(h2 h h 3 o,h3i,p2) 

where p 2 is the generator of degree represented by the cocycle v~^t\ + v^ 10 ^. We 
see that (4-2) for p = 2 is also a cocycle with leading term v ( ~ 2 f 2 , and replace the 
representative cocycles by 



hifl = [ti] and h\ 



n>0 



Setting B = Z/2[vf 2 , v 2 ], we rewrite the right hand side of (5-1) as 

B ® A(v 3 ) <g> A(/j 2 i , h 30 , h 31 ) ® A(v 2 ) <g> Z/2[/j 20 ] ® A^). 

Since ^21^31 = v 2 ^^20^21 + v 2 h 30 + v 2 h 20 h 3 i 

by [2, p 243 (1)], we replace /i2i^3i (resp. ^21^30^31) with /ifg (resp. &3 ). 

Lemma 5.2 As the Z/ '2 -module, Ext(£"i (2)^/(2, vi)) is isomorphic to 

A <g> A(v 2 ) (8) Z/2[/j 20 ] (8) A(p 2 ) 
where A = B ® A(v 3 ) ® (Z/2[/z 3 o]/(4)) Z/2{h 2h h 31 } ® A(A 30 )) 



and B = Z/2[a 2 tl , a 3 ] with a, = vf. 



Lemma 5.3 The connecting homomorphism (4-1) for (m. n) = (1 , 2) acts as 

6(\j/2) = v?- 1 ^ and 5(0?' /2 n+2 ) = a?% tl (i = 2,3) 
for odd 5 and w > . 

Proof It follows from 

(vf) = 2vf" 1 t,- mod (4), 

rf(ap) = 2" +2 v?" +1 ' s (vr lf i + vr 2 ^) mod(2"+ 3 ). □ 
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Ext(2?i(2)*/(2, vi)) is decomposed into the following four summands tensoring with 

AO2): 

v 2 A A(v 2 ) <8>A<g) Z/p(h 2 o)h 2 o 

v 3 B © A(v 3 ) <g> B{h 30 , hl , h 3 30 } © v 3 h 30 h 3 iB 

B®B{h 2U h 3l ] @v 3 h 2l h 30 B 

Bh 30 {h 2 i , hi 1 } © v 3 B {h 2i , h 3 1 } 

With respect to each summand, we construct a long exact sequence in Lemma 5.4, 
Lemma 5.5 and Lemma 5.6. We often use the replacement 

hi = [V3 ^3 + v^/f] = v~ l h 3Q + ■■■ . 

If we define P, (i > 0) and Qj (j > 0) by 

Pi = Z( 2 ){flf s af ' : < j < i, / j € Z, / > 0}, 

Qj = Z (2 ){af s af : < i < j, j G Z,f > 0}, 
then we decompose B into 



Define M u and M 1 by 
M° = 

M l = 



^ i>0 7 ^ ;>0 7 

®^{^})*(©a{^}) 

i>0 7 v ;>0 7 

©*{^}M©»{^}' 



Then we have the following results: 

Lemma 5.4 We have two iong exact sequences 

B > 



B{^21,^3l} 
V3h 2 ih 3Q B 




and 



v 3 B{h 2U h 3 i} > 
Bh 30 {h 21 ,h 31 }. 



(v 3 /2)B{h 2l ,h 3l } 



(v 3 /2)B{h 2l ,h 3l } 
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Proof In the first sequence the connecting homomorphism acts as: 



a% s a$ t h 2 i (i<j) 
c% s a$%i (i>j) 
[ 4 s af{h 2 i + h 31 ) H=j) 



We also see that 5(a% s af h 31 /2 i+2 ) for i < j, 8(d$ s a% 'h 21 /2>+ 2 ) for i > j, and 
5(a 2 ! s a^ t h 2 i/2 l+2 ) are equal to a^a^h^h^. Replacing h 3 \ with vj h 3 o + ••• , 
we have the first sequence. The second sequence is obvious. □ 



Lemma 5.5 We have a long exact sequence 
v 3 B 

h 30 B ® A(v 3 ) 



h\ Q B ® A(v 3 ) 
®(v 3 h 3Q h 3l )B 

h 3 w B ® A(v3). 




(V3^5 /2)B 
i(v 3 h 3Q h 3 i/T)M- 



(v 3 /2)B 

(v 3 h 30 /2)B 
2 (v 3 ^o/2)fi 

(v 3 /l 3 o/l3l/2)B 



Proof It follows from 



5{a z 2 s af v 3 h R 30 /2) = a\ s afh\^ 



"30 



for < k < 2, 



5{a 2 2 S afv 3 h 30 h 3l /2) = a z 2 ! <af 'h z 30 h 3l = a^af-'v^ + ■ 



2'i 2^-1, 



Lemma 5.6 We have a long exact sequence 

v 2 A > 



(v 2 /2)A 

<5 



h 2 oA (g> A(v 2 ) 
h\oA ® A(v 2 ) 




(v 2 ^ /2)A 



(v 2 /2)A 



(v 2 h 2 o/2)A 



□ 



Proof Notice that each exponent of v 2 in (v 2 &2 /2)A is odd. Since we have d(x) = 
for x e A in the cobar complex, we have 

d(v 2 2 s+l v' 3 x) = d(v 2s+l v' 3 ) ® x. 
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We see that 



rf(v| !+ V 3 ) =" ' 2V 2 V 3"'? + 



for t = 2n, 



d(vf +1 v' 3 ) = 2v 2 2 s vf(v 3 t 2 + v 2 t 3 ) + ■■■ for / = 2n + 1. 
In both cases we obtain 



replacing V3&20 by V3/Z20 = [v3?2 + ^3] only for the case t = 2n + 1 . 



□ 



By the above three lemmas, we obtain the chart of differentials 



v 3 B 



V 3 h 30 B 



V 3 h 3Q h 3 iB 



- hl B 



v 3 h 3 3Q B 




v 3 h 2l h 3Q B 



v 3 B{h 2l ,h 3l } 



h 30 B{h 2 i,h 3 i} 



v 2 A 



h 20 A 



v 2 h 20 A 



h 2 2Q A 
v 2 h 2 20 A 



h 3 2Q A 



Thus we conclude the following: 

Lemma 5.7 Exts(2,2)(£'i(2)*, £1 (2)* /(2°° , vi)) is the tensor product of A(p 2 ) and the 
direct sum of 
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(1) V2A[/z2o], V3B[/?3o]/(^3 ) and v^Bh^oh^i whose elements are of order two, 

(2) Af° and M 1 . 

Let /^(X) for a spectrum X denote the Zsoo-term of the £(2) -based Adams spectral 
sequence converging to the homotopy groups n^L^X). 

Theorem 5.8 The E^-term E* 00 {L2T(\) / (2°° , v\)) is the tensor product of A(p2) and 
the direct sum of 

(1) V2A[/j2o], v 3 fi[/z 3 o]/(/J 30 ) and V3.fi/130/J31 whose elements are of order two, 

(2) M° and M 1 , 

where V2A[/i2o] denotes the module 

{Z/2[vf 2 , v$] ® A(v 3 ) ® (Z/2[ft3o]/(4)) © Z/2{A2i, A31} ® A(/j 3 o)))[/j 2 o]/(4))- 

Proof In [2], the differentials of E(2) -based Adams spectral sequence for LoT{Y)lh 
(written as D in [2]) are determined as 

d 3 (v 3 ) = and d^(v\) = v 2 2 v k f 2 hl for 2 < k < 3, 

and (^(Vjx) = J 3 (v3)x for x = ^21 > ^30 an d A31. Note that for each element 
wa 2t+1 G V2A[/j2o] , we see that 

<i 3 (wa3 ?+1 /2) = wa 3 ^2o/2 G v 2 A[/z 2 o]. 

This shows the structure of 7r*(L27T.l)/(2°°,vi)), since it has a horizontal vanishing 
line. □ 

Proof of Theorem 1.3 Consider the cofiber sequence 



Then the homotopy groups of T{m)/{v\) A SQ and T{\)/{2°° , v\) are determined in [4, 



r(i)/(vi) 



* r(l)/(vi) A5Q 



* r(i)/(2°°,v 1 ). 



Corollary 6.5.6] and Theorem 5.8, respectively. 



□ 
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